In this article, a stabilized mixed finite element (FE) method for the Oseen viscoelastic fluid flow (OVFF) obeying an Oldroyd-B type constitutive law is proposed and investigated by using the Streamline Upwind Petrov-Galerkin (SUPG) method. To find the approximate solution of velocity, pressure and stress tensor, we choose lowest-equal order FE triples P1-P1-P1, respectively. However, it is well known that these elements do not fulfill the in f -sup condition. Due to the violation of the main stability condition for mixed FE method, the system becomes unstable. To overcome this difficulty, a standard stabilization term is added in finite element variational formulation. The technique is applied herein possesses attractive features, such as parameter-free, flexible in computation and does not require any higher-order derivatives. The stability analysis and optimal error estimates are obtained. Three benchmark numerical tests are carried out to assess the stability and accuracy of the stabilized lowest-equal order feature of the OVFF.
Introduction
The research interest in viscoelastic fluids has increased, due to the connections with industrial applications. Generally, the structure of the viscoelastic fluids are formed by natural complex high molecular weight molecules which may have many internal degrees of freedom [1] . This is indeed a big motivation to the numerical and mathematical analysis of the governing equations [2] . Over the last century, there has been a significant challenge to formulate suitable constitutive model equations to describe the large deformation of the viscoelastic fluid. These were successfully introduced by James G. Oldroyd [3] in 1950 to critically study the behavior of the dilute solution of a polymeric molecule. Moreover, over the past few years, there have been many constitutive equations which have been proposed to describe viscoelastic fluids, e.g., the Phan-Thien-Tanner model, the Johnson-Segalman model, the Maxwell model and so on [4] [5] [6] .
In the FE literature, Baranger and Sandri [7] carried out pioneering work, where they studied an Oldroyd-B fluid in discontinuous approximation and proved existence, uniqueness and error analysis. Later, Sandri extended the idea to the continuous approximation of the stress field for the stationary classical in f -sup condition between the velocity and the pressure spaces (as in the Stokes equations), and the SUPG scheme is employed in order to treat the hyperbolic nature of viscoelastic constitutive equations. In this context, there is no specific analysis available yet to approximation the OVFF by using the lowest-equal order triples.
Above all, the new approach differs from the existing stabilization techniques in different aspects; most notably, it is free of nonstandard data structures, approximation of higher order derivatives and specification of the mesh dependent parameters; it is optimally accurate and it always lead to symmetric system. Consequently, this new stabilized method can be easily applied by classical FE code with little additional coding effort.
The rest part of the paper is organized as follows. In Section 2, we introduce the viscoelastic fluid flow governing equations and the variational formulation. In Section 3, the new stabilized FE approximations are presented. In Section 4, the stability and error estimates for the stabilized FE solutions are achieved, respectively. In Section 5, we presented three different numerical experiments to verify the stability of the theocratical analysis. Finally, we summarize our work with a short conclusion in Section 6.
Model Equations
The steady-state (Johnson-Segalman) model equations can be seen in different viscoelastic articles; for the extensive theoretical modeling and numerical analysis for the considered model, we refer to [9, 10, 19, 23] and the references therein. We considered the following equations:
where τ denotes the polymeric stress tensor, u the velocity vector and λ denotes the Weissenberg number, which can be defined as the product of the relaxation time and a characteristic strain rate. While 0 < α < 1 is represented as the fraction of viscoelastic viscosity [36] . The rate of the strain tensor can be written as
and the g a (τ, ∇u) is given by
Note: for the assumption of a ∈ [−1, 1] is defined to the material parameter, specifically for the choice of a = 1 the Oldroyd-B constitutive model is always reducing from the Johnson-Segalman model.
We can write the momentum equation as
where f denotes the body force. Here, the total stress tensor is given by τ tot = −pI + τ N + τ and it is the combination of the Newtonian part and the viscoelastic part. The Newtonian part can be further defined as
Since the viscoelastic fluid flows are very important to solve many practical (engineering) problems in non-Newtonian fluid mechanics, especially those being part to flow instabilities [9] , we substituted the value of the total stress tensor in momentum equation it yields;
In [5] , Guillopé and Saut proved the following model equations with some assumptions for the "slow flow" i.e., in their contribution the (u · ∇)u term in (3) is ignored due to creeping flow.
We also motivated with the same assumption and recast the stationary Oldroyd-B viscoelastic fluid flow for a domain Ω in R 2 with the Lipschitz continuous boundary Γ.
The dimensionless steady-state model equations under the open, bounded and connected domain Ω are considered, with the homogenous Dirichlet boundary condition for the velocity u. Since, in this case there is no inflow boundary, and thus, no boundary condition is required for stress [36] . To this end, we can re-write the OVFF model as problem (O) Find (τ,u, p) such that:
To make the system linear, we modify it with the known velocity b(x) in nonlinear terms of the constitutive equation instead of the unknown velocity u(x).
The Variational Formulation
In this section, we introduce some functional basic spaces for the mathematical analysis. The L 2 inner product is denoted by (·, ·) and while the special case for the L 2 (Ω) and L ∞ (Ω) norms are assumed as · and · ∞ " respectively. Moreover, the sobolev function space W m,p (Ω) is represented as · W m,p . The special notation for the sobolev case W m,2 (Ω) is being written as H m (Ω). However, the norms and semi norms are represented in classical notations (see [37] ), i.e., · m and | · | m . We define the following functional spaces:
It is of course well-known that the standard FEs X and Q (velocity and pressure spaces) satisfies the in f -sup condition for the well-posedness of mixed formulations. However, there are many FE spaces satisfying in f -sup condition, among the others the MINI (P1b,P1) elements, the Hood-Taylor (P2,P1) elements, Raviart-Thomas elements, Brezzi-Douglas-Marini finite element are common for the velocity u and pressure p, and discontinuous element (P1 dc ) for stress tensor τ [14] .
We make the following assumption for b(x), which is consistent with the existence result which has been set up for the viscoelasticity [38] for some M > 0 as follows:
The corresponding weak formulation of (8)- (11) is then given by
where δ 1 is a positive constant. Multiplying Equations (13) and (14) by 2α and adding the result to (12) . Then for more simplicity, (12)- (14) can be reformulated to find (τ, u, p) ∈ S × X × Q such that
Hence
Approximation of the Problem with Finite Element Technique
In this section, we describe the FE framework for the proposed scheme and approximation properties. To this end, we introduce Ω ⊂ R d (where dimension d=2,3) as a domain and let T h is a triangulation of Ω, such as triangles K:Ω = {∪K : K ∈ T h }. We consider P 1 (K) denote the space polynomial of degree on K ∈ T h . Assume that some positive constant υ 1 ,υ 2 ;
where h K is the diameter of triangle K, R K is the diameter of the greatest ball included in K, and h = max K∈T h h K . We introduce the corresponding FE spaces to approximate (τ, u, p) in a discrete way.
Note: It is well-known that the standard FEs X h and Q h does not fulfill the in f -sup condition because of the lowest-equal order triples. To ensure stabilization, we introduce the local pressure projection Π : L 2 (Ω) → R 0 . Where R 0 is a piecewise constant space associated with the partition T h . This bilinear, symmetric stabilization term is analysed, proposed and applied in [25, 26] . Where, the stabilization term is stated as
We mention the following lemmas which was given in article [24] .
Lemma 1.
Let Q h and X h be the spaces defined above. There exist positive constants C 1 and C 2 satisfies:
Lemma 2. Let Q h and X h be the spaces then there exist a positive constant C satisfies:
Stabilization Scheme
In order to filter the unstable factors, we can add the local stabilization term, which is based on pressure projection. Moreover, the stabilized methods in [24] [25] [26] are identical from a numerical point of view for the lowest-equal order approximations.
To
where
For our convenience, we use some approximation properties [23] , which we will use in our subsequent analysis. If there exists the interpolations
Throughout the paper we apply C as generic positive constant. In that case, we suppose this positive constant depends only on domain and always independent of the mesh size h, whose value may change from place to place. To show that (20) is a stable variational problem, we assume
To end this section, we give some facts, which are easy to understand and also applicable in the analysis, i.e., let us consider the incompressibility condition ∇ · u = 0 and u = 0 on Γ, then it is not difficult to see that 2(D(u), D(v)) = (∇u, ∇v), and also we have D(u) ≤ ∇u .
Existence, Uniqueness and Error Bounds of the Problem
In this section, we prove the existence and uniqueness of the new proposed FE scheme for the approximation of the OVFF which satisfies the solution for all the positive λ, M, α, d and δ 1 [10, 21] .
The right hand side of (26) can be stated as
Hence,
We will show the bilinear form M (·, ·, ·) is continuous and coercive
Thus, it suffices to show the continuous property of the stabilized method. 
Proof. To find weak coercivity of M , we suppose a positive constant Υ which is independent of h, for all p h ∈ Q h ⊂ Q, and interpolation w h ∈ X h of w, there exists a positive constant Υ 0 and w ∈ X such that
Thanks to [24] 
Using the fact about the velocity field b = 0 on boundary and ∇ · b = 0, and integration by parts gives the following results [21] ,
Now by setting the values
, where ξ is a real and positive parameter, we have
The right hand side of the Equation (34) can be bounded as
A straight forward computation here is,
Similarly
By using Young's inequality
term (34) 2
By using (31)-(33) and Young's inequality, the right side of Equation (37) , can be estimate as
now Equation (37) gives,
By summarize all the bounded values, we derive
By combining (30), (38) and (39), we arrive at
By setting Υ = β C , we can complete the proof of (30).
Together, (29) and (30) imply that (20) is a stable variational problem Theorem 3. Let (τ, u, p) and (τ h , u h , p h ) be the solution of (15) and (20) , then the following error estimate holds:
Proof. Subtracting (20) from (15) it yields
By adding and subtracting (τ h ,ũ h ,p h ) and using the orthogonality gives
Using the weak coercivity bound (30), error orthogonality and (42)
from (25), we can bound
From (30), we have
By the triangle inequality, we obtain Equation (40).
Numerical Tests
In this section, we implement three different numerical tests for the support of our theoretical analysis. Numerical simulation for an analytic solution is studied in the first test which verifies the convergence order. In the second numerical test, we derive a viscoelastic cavity flow to show the pressure oscillation with the stabilization and without the stabilization term. In the third numerical test, to show the streamlines and contours of the pressure, we perform the well-known "4-to-1 abrupt contraction channel" fluid flow simulation. The numerical tests verify the accuracy and correctness of FE approximation for OVFF with lowest-equal order FE triples P1-P1-P1. In order to show the distinguished features of the new stabilized model, we compare numerical tests among three different FE schemes i.e., the standard P1b-P1-P1 FE (MINI elements), P1-P1-P1 without stabilization FE and P1-P1-P1 with stabilization FE. All numerical tests are performed by a public domain free software Freefem++ [39] . Furthermore, we have also drawn graphs and figures by MATLAB software and Tecplot 360 package.
Analytical Solution Test
In this example, the theoretical convergence rates are examined by applying fluid flow across a domain Ω = [0, 1] × [0, 1] with parameters a = 0, λ = 5.0 and α = 0.5, respectively. Different authors used this experimental pattern for Stokes and Navier-Stokes equations [23, 36, 40, 41] , where the function b(x) was chosen to be the exact solution of velocity u. In this context, a right hand-side function is added to the (8) and f in (9) is studied with the help of following true solution.
For convenience we introduce some denotations Scheme 1: P1b-P1-P1 standard FE considered as-p1bp1p1 (MINI element spaces) Scheme 2: P1-P1-P1 with-out stabilization FE considered as-p1p1p1unstb Scheme 3: P1-P1-P1 with stabilization FE considered as-p1p1p1stb
The numerical results are presented in different tables; Tables 1-3 illustrates, the numerical values for the standard FE p1bp1p1, p1p1p1unstb and p1p1p1stb, respectively. The L 2 -norm for velocity u, H 1 -norm for velocity u, L 2 -norm for pressure p and L 2 -norm for stress τ, respectively are computed for different values of h = 1/8, 1/16, 1/32, 1/64. We compare the formulated results given in Table 3 with the standard result presented in Table 1 . It is well-known that standard p1bp1p1 FE have better approximation which is also true for our current problem, since we compare the result of Tables 2 and 3 . The better numerical results of our scheme can be observed as expected in Table 3 . Figures 1 and 2 demonstrate the convergence orders for p1bp1p1, p1p1p1unstb and p1p1p1stb in ||u − u h || 0 , ||u − u h || 1 , ||p − p h || 0 and ||τ − τ h || 0 , respectively. As to verify our desirable feature of the method, we compare the convergence orders where the experimental result shows that the order of convergence of velocity and stress are optimal order as h decreases for all three methods. However, the pressure for p1p1p1unstb without stabilization can not obtain optimal error order. 
The Viscoelastic Driven Cavity Flow
In this example, we apply the scheme in the given traditional benchmark problem for testing a numerical scheme known as "driven cavity flow". Because, cavity flows have been used in many test cases for the testing of incompressible fluid dynamics algorithm for Stokes flow [31, 42] , for this example we set a domain Ω = [0, 1] × [0, 1] with the following boundary condition, i.e., on the top side {(x, 1) : 0 < x < 1} the velocity equal to u = (1, 0), other boundaries are considered as zero Dirichlet condition. We consider the viscoelastic cavity problem for our numerical data comparison using the parameters a = 0, λ = 5.0, f = 0 and α = 0.5. The solution for the Oseen viscoelastic flow for the cavity flow is shown by the velocity field and pressure level lines. In Figure 3 , we display cavity flow for three different schemes as: p1bp1p1 standard Galerkin FE approximation, p1p1p1unstb without stabilized FE ( unstable) and p1p1p1stb (new scheme) stabilized FE approximation. To sum up, we can see that the standard p1bp1p1 Galerkin method and p1p1p1stb stabilized method completely resembles the physical rule for pressure. On the other hand, the result p1p1p1unstb displays the pressure oscillations. As a result, the scheme is verified. Typically, through the finite element method, we have the following information as: total triangles or elements = 8192, nb boundary edges = 256, number of nodes P1 = 4225. 
4-to-1 Contraction Channel Flow
We consider a third example to test the proposed scheme, which is a well-known problem for viscoelastic flow "4-to-1 contraction channel flow problem" which has a huge application in polymeric liquid industries and studied by many authors [20, 43] . Moreover, 4-to-1 has been widely used in the literature to show the convergence, stability, and behavior of the streamlines of the contraction channel and the behavior of pressure [36, 41] . The geometry of the 4-to-1 contraction commonly occurs in the forming of 'die' for the viscoelastic fluid. The domain is constructed in such a way that the channel lengths are sufficiently long for a fully developed Poiseuille flow at both the inflow and outflow boundaries. We presented a domain in Figure 4 for the shape of typical geometry for physical representation. Primarily, due to the sudden reduction in width, in the corner region, a vortex appears. In this example, we also study the behaviour of the fluid flow through the proposed scheme. The OVFF problem is based on the linear form of viscoelastic fluids. To apply the known function given in the theoretical part b(x) = (b1, b2) in numerical simulation, we perform following steps in the computational code.
• We first execute out put data of the approximate solution from the non-linear velocity for true solution u = (u 1 , u 2 ).
• We use the executed solution of (u 1 ) and (u 2 ) as a known solution (u 1 = b 1 and u 2 = b 2 ). As a result, now the solution for the approximation considers for the linear one and it will be known for the velocity field b = (b 1 , b 2 ) , respectively. 
For stress τ, on Γ in ,
Here, the symmetry conditions are supposed on the bottom of the computational domain. In addition, the physical parameters α, λ, and a are chosen to 1, 8/9, 0.7 and 1, respectively.
In Figure 5 , we illustrate the streamlines of p1bp1p1 for standard FE. The left second figure depicts the streamlines of p1p1p1unstb without stabilization and the third figure demonstrates the streamlines of p1p1p1stb with stabilization for the physical parameter α, λ, and a are chosen consequently as 1, 8/9, 0.7 and 1, respectively. It can be clearly seen that without the stabilization term for p1p1p1unstb, FE streamline behaviours are different and show some irregular shape than standard FE p1bp1p1 and with stabilization of p1p1p1stb FE. In this perspective, the behavior of the streamlines with p1bp1p1 and p1p1p1stb appear in a similar traditional 4 : 1 abrupt contraction channel which resembles the physical rule completely. The behavior of the streamlines confirms the theoretical results for the stabilization by lowest-equal order FE in approximation of the OVFF. In Figure 6 , we have presented three figures; where pressure with p1bp1p1 for standard Galerkin FE is shown in the first figure (from left), p1p1p1unstb FE without stabilization in the second figure, and p1p1p1stb FE with stabilization in the third figure. A difference can be seen between the figure of p1p1p1stb FE with stabilization being almost similar to the figure of p1bp1p1 for standard FE. On the other hand, the figure of p1p1p1unstb FE without stabilization is completely different from the rest of the figures. Furthermore, the oscillation of pressure in Figure 6 part b, is clearly seen. These results also affirm that the theoretical analysis for the pressure stabilization under lowest-equal order FE triples for approximation of the OVFF. 
Conclusions and Future Work
In this contribution, we studied an approximation of the Oseen viscoelastic fluid flow (OVFF) problem with lowest-equal order FE P1-P1-P1 method. In the standard Galerkin FE method, the in f -sup (or LBB) conditions are essential to finding the well-posedness of the model equations, while the lowest-equal order FE triples violate the necessary condition in f -sup. This deficiency of the important condition makes the system unstable. To deal with the instability, we added symmetric and parameter-free extra pressure terms in the discrete variational form. We proved the well-posedness of the model equation with the lowest-equal order triples. Moreover, the optimal error estimates are derived, and three different numerical examples are performed which are consistent with the theoretical prediction. Most importantly, this method is simple and computationally efficient compared to other stabilized methods. In future studies, we can extend this method to approximate the solution with P1-P0-P1 triples.
